Abstract -For applications such as capactiy expansion planning and screening studies of alternative expansion plans, there is a need for a fast, accurate, reliable and robust method to approximate the equivalent load duration curves (e.1.d.c.'~) for production costing. The concept of equivalent load, which is the sum of the customer load demand and the outage capacity of the generating blocks, plays a key role in probabilistic production costing. This paper describes a newly developed approximation technique based on mixtures of normal distributions. The mixtures of normals approximation (m.o.n.a.1 for e.1.d.c.'~ proceeds in three steps. First, the system load random variable is approximated by a mixture of normals distribution. Next, the approximation of the outage random variable of a gsoup of one or more units by a mixture of normals distribution is obtained. Finally, these two approximations are combined to derive the m.0.n.a. of each e.1.d.c. The technique makes extensive use of the properties of mixtures of normal distributions. The construction of the m.0.n.a. for the system load random variable can be interpreted in terms of partitioning the load into various categories based on the load magnitudes. A salient feature of the m.0.n.a. technique is the simple recursive formula for convolving or "rolling in" and for deconvolving or "rolling out" the contribution of each generating block. The performance of the m.0.n.a. technique is analyzed in terms of its ability to fit the original load duration curve, its ability to fit the e.l.d.c.'s, its accuracy and robustness. Numerical results indicate that the m.0.n.a. technique is very robust, accurate and rapid. Comparison with conventional and cumulant-based techniques shows that the m.0.n.a. technique has excellent comparative computational performance on both well-behaved and pathological systems.
INTRODUCTION
Production costing is the basic tool used for assessing the variable effects of alternative resource plans. To take into account the uncertainty inherent in both the system load demand and the supply system, a probabilistic production costing framework is used [1, 3] . In this framework, the planning period is divided into study periods. For each study period, the load is modeled as a random variable (r.v.1 with the complement of its cumulative distribution function (c.d.f.) given by the load duration curve (1.d.c.) . The loading of each generation unit of the supply system is represented by the outage capacity r.v. that incorporates the effects of forced outages. Under the reasonable assumption of mutual independence of the outage capacity r.v. of each unit and load r.v., the basic element in the simulation of the energy 87 WM 041-7 by the IEEE Power System Engineering Commtttee of the IEEE Power Engineering Society for presentation at the IEEE/PES 1987 Winter Meeting, New Orleans, Louisiana, February 1 -6, 1987.
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A paper recommended and approved Manuscript submitted production process is the convolution of the distributions of r.v.'s. production costing analysis is the equivalent load duration curve (e. 1.d.c.) .
The e.1.d.c. is the complement of the c.d.f. of the equivalent load r.v. The equivalent load is the sum of the system load and the outage capacity of one or more generation units.
The major difference among various probabilistic production costing approaches lies in the manner in which the e.1.d.c. is represented. In the conventional approach, the e.1.d.c. is represented at each point of a uniformly spaced grid. Linear interpolation is then used to determine the value at intermediate points. In a piece-wise linear approximation of this kind, the numerical convolution process is time consuming since each successive e.1.d.c.. which is the result of the convolution, must be evaluated at each grid point, the approximation of e.1.d.c.'~ are the cumulant-based techniques [4,5,7.8]. These are based on the use of moments of the equivalent load. An extremely attractive feature of this approach is that the convolutionldeconvolution involves merely the additionlsubraction of cumulants.
obtain good fits to the e.l.d.c.'s, they have some inherent limitations resulting in poor performance (61. Moreover, since the approximation to the e.1.d.c.'~ provided by the cumulant-based techniques is not the complement of an actual c.d.f., it is possible in certain cases to obtain negative values for the e.1.d.c.
[d].
approaches is their poor performance in obtaining a good fit of the system load duration curve 171. Since the inaccuracy in the approximation of the original load duration curve is propagated through the convolution process to each e.l.d.c., it is seen that this is a serious problem.
For applications such as capacity expansion planning and screening of alternative expansion plans, thers is a need for a fast, accurate, robust method to approximate the e. For each class k = 1 , 2 , ..., K the mean pk and the The weight cok is set to be Conditioning over the subsets of 8
We approximate each conditional probability density term in the summation by a normal so that we may approximate Fn(x) by
where,
An important feature of this approximation is that n, j 9 ' n , j 9 simple recursive formulae for evaluating and U can be derived for adding (convolution) or withdrawing a unit (deconvolution). Tables I and I1 present the recursive relations. Table 11 : Recursive evaluation of the outage capacity m.0.n.a. parameters for deconvolution for two-state units.
The performance of the m.0.n.a. technique was assessed based on tests using a variety of utility systems and conditions. The test results described in this paper utilize the EPRI Synthetic Utility D, PGandE Derived, and Texas Electric Systems. Basic characteristics of these systems are given in [91. considered include both well-behaved and pathological systems. The EPRI D [ 2 ] and PGandE Derived [ 9 ] systems are large. The Texas Electric Utility System, on the other hand, is small. It was selected in order to include in the testing a system on which cumulant-based techniques have not had completely satisfactory performance [ 6 ] . The accuracy of m.0.n.a. and the other alternative e.1.d.c. approximation techniques evaluated are measured with respect to benchmark results obtained using a piece-wise linear approximation with a 1 MW grid [ 9 ] .
of-fit of the m.0.n.a. for the system 1.d.c. show the strong capability of the m.0.n.a. technique to fit 1.d.c.'~ of any shape and form [ 9 ] . [ 9 ] . Fig. 3 shows the pointwise error in the "mixed" e. . by normals so that we may unit i. For simplicity, let Pi e Pi,si and qi e Pi,0
The outage capacity of unit i is duction simulation involves the loading of multipleblock units it is necessary to compute the parameters pn,j, u : , for both loading and unloading. This is s o because when an additional block of a previously loaded unit is loaded in the simulation, the previously loaded portion of the unit is first removed. The unit is then loaded with a capacity equal to the sum of the capacities o f the previously loaded block and the additional block. Unloading of a unit (or part of a unit) corresponds to deconvolution in the production simulation. In the m.0.n.a. technique the deconvolution operation is implemented by reevaluating the parameters n,j '
and U are computed. When pron,j' "n,j* n,j nn,j pn, and U* nn,j' n,j' For deconvolution, we assume that the parameters representing the outage distribution F , + , ( X ) to the group of n+l units 1 , 2 , ..., n+l are known, and that the impact of the removal of unit n+l is to be determined. n,j' " n , j are obtained using the same probabilistic and UZ . must n, j ' n , j 9 n , J Instead, the outage parameters A be evaluated. The evaluation is performed recursively each time the value of n is increased/decreased due to the incorporation/withdrawal of another unit into the group of units being considered.
to introduce some simplifying notation. Ne define:
It is convenient for the development that follows System originally distributed by EPRI in 1983, is the efficiency of its production costing subroutine. The calculation utilizes the equivalent load duration curve, but instead of the original Baleriaux method, which is based on numerical integration, an analytical expression is formed using a series expansion based on statistical cumulants. This significantly reduces the calculation effort but also introduces inaccuracies. The shortcoming is mainly apparent in analysis of smaller power systems. The tests described in this paper show that MONA is almost as fast as the cumulant method but reduces its inaccuracies. MONA first sorts load data strictly by magnitude, forming, for example, three groups of bounded loads. Bell-shaped normal distributions are fitted to each group of load data. These normal distributions are then combined into a single analytical representation of the load. A problem may arise.because the goodness of fit depends on the boundary levels selected for sorting the load data. A related problem is that each normal distribution, fitted to a defined range of loads, actually covers an infinite ranee. Tables I and 11 , respectively. distributions are used from the very beginning of the subdivision process. This method not only removes the arbitrariness in the division of the loads into groups but also assures that the tails of the individual distributions will not degrade the final curve fit. In summary, this paper demonstrates a technique, MONA, that offers an attractive improvement over the basic cumulant technique, particularly for smaller power systems. Developments have continued, and as illustrated by Sutanto's technique, MONA itself may also be ready to be supplanted. 
